
Economics of Technology

Solow model with
Ȧ

A
= θ

(sRL)
λ

A1−φ
(1)

to describe growth of A gives us a way of describing trend growth as a function of population growth.

But what determines sR? What determines how much effort the economy puts into R&D? Romer

model will provide answers. Has three components

• Final goods sector - competitive

• Intermediate goods sector - imperfect competition

• Research sector - comes up with new ideas for intermediate goods
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Final Goods Sector

Final goods are produced by perfectly competitive firms using this function

Y = L1−α
Y

∫ A

0

xα
j dj (2)

• LY is the number of workers in the final goods sector

• A indexes the number of intermediate goods used

• xj is the amount of int. good j used by the final goods sector

Final goods firms are using lots of intermediate goods and essentially adding them up like this:

∫ A

0

xα
j dj ≈

A
∑

0

xα
j = xα

0 + xα
1 + ...+ xα

A (3)
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Final Goods Firms

The final goods firms try to maximize profits

maxLY ,xj
L1−α
Y

∫ A

0

xα
j dj − wLY −

∫ A

0

pjxjdj (4)

which gives the first-order conditions

w = (1− α)
Y

LY
(5)

and

pj = αL1−α
Y xα−1

j (6)

for each individual intermediate good.

Final goods firms are just setting marginal cost (wage, price of good j) equal to the marginal product
of the input.
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Intermediate Goods Firms

The int. goods come from separate firms. The int. goods firms are monopolists - only one firm can

produce each separate int. good (patents, tacit knowledge, branding, etc..)

Int. good firms produce those int. goods by transforming capital into them one-for-one. One unit of

capital produces one unit of int. goods.

The profits of any given int. good firm j are

πj = pj(xj)xj − rxj (7)

where pj(xj) is the demand function of the final goods firm for the intermediate good j.

Because the firm is a monopolist, they take into account how demand changes as they produce more
xj - that is, they know the price pj that final good firms will pay for any given output xj.
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Profit Maximizing

Profits are

πj = pj(xj)xj − rxj. (8)

Firm pick xj to maximize profits.

First-order condition

p′(x)x+ p(x) = r (9)

which says that marginal revenue equals marginal cost. Re-arrange to

p′(x)
x

p
+ 1 =

r

p
(10)

or

p =
1

1 + p′(x)x
p

r. (11)
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Firm Markups

The firms decision is to set price as follows,

p =
1

1 + p′(x)x
p

r. (12)

The term p′(x)x/p is the elasticity of demand. What is this elasticity? We know the demand function

for an intermediate good j,

pj = αL1−α
Y xα−1

j (13)

so the elasticity is α− 1. Thus the firm charges

p =
1

1 + α− 1
r =

r

α
. (14)
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Firm Markups

The int. good firm charges

p =
r

α
(15)

for its output. Thus price (p) is greater than marginal cost (r), as α < 1.

Intermediate good firms thus earn profits. These profits are what will be the reason for innovation.

The opportunity to earn profits will incent people to try and start int. good firms.

Note that the profit-maximization problem is identical for all int. good firms. All of them charge

the same price. Given that the demand function is identical for all int. goods, this means that the

final goods firm buys the same amount of all of them.

xj = x (16)
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Aggregate Output

Putting this all together. The total amount of int. goods produced must be equal to the capital

stock, as each int. good firm uses capital to produce, so

K =

∫ A

0

xjdj (17)

and because all xj = x, it must be that

x =
K

A
. (18)

Final output is

Y = L1−α
Y

∫ A

0

xα
j dj = L1−α

Y Axα (19)

which when we plug in x = K/A becomes

Y = Kα(ALY )
1−α. (20)

Aggregate final output is described just like we did with the Solow model. Only the underlying
market structure is different.
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Distribution of Income

From the final goods firms first-order condition we know that

wLY = (1− α)Y, (21)

which means that
∫ A

0

pjxjdj = αY (22)

or the total revenues of int. goods firms add up to α of final output.

We know that pj = r/α for all int. good firms, and xj = K/A. So plugging in we get that

∫ A

0

r

α

K

A
dj = αY (23)

which solves down to

rK = α2Y. (24)
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Profits

Total profits of all int. good firms are

∫ A

0

πjdj =

∫ A

0

pjxjdj −

∫ A

0

rxjdj (25)

= αY − Axr (26)

= αY − A
K

A

α2Y

K
(27)

= αY − α2Y (28)

= α(1− α)Y. (29)

For any individual int. good firm, since they are identical, profits are

πj =
α(1− α)Y

A
(30)

or each firm earns 1/A of the total profits accruing to int. good firms in the economy.
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Imperfect Competition and Profits

Note that total output is distributed across three types of payments

rK + wLY +

∫ A

0

πjdj = α2Y + (1− α)Y + α(1− α)Y = Y (31)

Not all of output is paid to capital and labor. Some part of output goes to profits. This is because

we have imperfect competition (monopolistic competition, to be exact). There are true profits being

earned - which will be the incentive for new innovations.

Compare to standard Solow model with

rK + wL = αY + (1− α)Y = Y (32)

where all of output is paid to either capital or labor. Nothing is left to compensate innova-

tors/inventors, so there is no incentive to innovate.
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Research Sector

The last sector is research. Individuals can work at trying to invent a new type of intermediate good.

• For each researcher, they take the chance of discovering a new idea as given, and equal to θ

• θ = θLλ−1
A Aφ, as in our mechanical model, but researchers do not take this into account

• If a researcher discovers a new idea, they receive a patent on that idea. They own the rights to

produce that new intermediate good

• The researcher can then sell that patent to a firm that wants to be the monopolist producing

that int. good (or the researcher could start their own firm)

• We assume that people can move back and forth from research to working in the final goods

sector, so the return to research (the expected value of getting a patent) will be equal to the

return to working (the wage)
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Patent Value

We use an arbitrage equation to get the value of a patent, PA

rPA = π + ṖA (33)

• rPA is the amount earned from investing PA dollars in the bank. This is the alternative to buying

the patent

• π is the profits earned from owning the patent, solved for above

• ṖA is the change in the value of the patent if you own it - you could resell it later for a profit (or

loss)

The arbitrage equation says that the return to owning the patent (the right-hand side) must be equal

to the return to simply investing the same dollars in the bank (the left-hand side). If not, one could

make a profit.
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Balanced Growth Path for Patents

Re-arrange the arbitrage equation to

r =
π

PA
+

ṖA

PA
. (34)

Along the BGP, we know that r is constant. So therefore the ratio π/PA must be constant, and

ṖA/PA must be constant.

Along the BGP, we know that

π = α(1− α)
Y

A
= α(1− α)

Y

L

L

A
. (35)

Along the BGP, Y/L grows at the rate g. A grows at the rate g. L grows at the rate n. So π must

grow at the rate n.

This implies that ṖA/PA = n, to keep π/PA constant. Putting that into the arbitrage equation gives

r =
π

PA
+ n (36)

or

PA =
π

r − n
(37)

which says that the value of a patent is the present discounted value of the profits from owning the
patent.
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Labor Market Equilibrium

The last thing to do is solve for the fraction of workers who do research. People can work or do

research. Doing research earns

wR = θPA (38)

or the chance of making a discovery times the value of a discovery.

Working earns

wY = (1− α)
Y

LY
(39)

which is just the wage paid by final goods sectors.

Set these equal

wR = wY (40)

meaning that people will move back and forth until this holds.
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Solving for Equilibrium

With

wR = wY (41)

we have

θPA = (1− α)
Y

LY
(42)

θ
π

r − n
= (1− α)

Y

LY
(43)

θ
α(1− α)

r − n

Y

A
= (1− α)

Y

LY
(44)

α

r − n

θ

A
=

1

LY
(45)
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Solving for Equilibrium

α

r − n

θ

A
=

1

LY
(46)

Now, we need to use the mechanical relationship that Ȧ/A = θLA/A. Along a BGP Ȧ/A = g, so

along a BGP θ/A = g/LA.

α

r − n

g

LA
=

1

LY
(47)

αg

r − n
=

LA

LY
(48)

αg

r − n
=

sR
1− sR

(49)

which you can solve for

sR =
1

1 + r−n
αg

(50)
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Equilibrium sR

We have the solution for how many people will do research

sR =
1

1 + r−n
αg

. (51)

• The discount rate r− n has a negative effect on sR. If the discount rate goes up, research effort

goes down. Higher discount rates mean lower PDV’s of patents, and so doing R&D is not as

lucrative

• The growth rate g has a positive effect on g. If the growth rate is high, this is because people

are finding new ideas quickly. Therefore doing research is very likely to lead to a patent, so more

people want to do research
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Optimal sR?

Is the share sR optimal in the sense that it maximizes output per worker along the BGP? In general,

no. Recall that

y(t) =
sRL(t)

g
(1− sR)

(

s

δ + n+ g

)α/(1−α)

(52)

along the BGP. There are conflicting effects of sR, and there is some value of sR that gives us the

highest level of y(t).

Why does the market not necessarily get us to the optimal value of sR?

• Value of patents does not capture the effect of a new idea on the future flow of ideas. I may

either lower (if φ < 0) or raise (if φ > 0) the productivity of other researchers by inventing a

new idea (raising A). If φ > 0, the market under-provides research.

• Value of patents does not capture the duplication of effort. With λ > 0 my research is slowing

down your research, and the market over-provides research.

• Imperfect competition. The incentive to innovate is based on profits only, not the total value

of the new int. good to producing final goods. So the market tends to under-provide research.

Some estimates that R&D has a social, or total, return of 40-60%, exceeding any private return

on investment in R&D from added profits.
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