Production

Real output, Y, is produced according to a function like this
Y = F(K, L) (1)

where K is the stock of physical capital and L is the number of workers.

Very often, we use a very specific function, F(), called the Cobb-Douglas.

Y = KeL'™ (2)

The Cobb-Douglas has constant returns to scale; if you double the amount of each input, you
double output.
(zK)*(2L)'% = 2221 KLY = 2 KLY = 2y (3)
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Firms

We assume that firms are perfectly competitive
e There are many firms, all producing the same homogeous output
e Firms enter and exit freely
e They all produce using a similar Cobb-Douglas function

e They are all price-takers for the use of labor and capital

For the representative firm, profits are
II=KL'® —rK —wL (4)

where 7 is the market rate for renting capital and w is the wage of a worker.

The firm’s profit-maximizing decision (first-order conditions) are

MPL:(l—a)% = w (5)
Y
MPK =a—: = 1 (6)

which just say that the firm sets the marginal product of a factor equal to its marginal cost.
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Factor Income

From the firm first-order conditions

MPL:(l—a)% = w (7)
Y
MPK =a—: =1 (8)

note that total payments to factors are equal to total output

Y Y
wL-I—rK:(1—04)ZL+QEK:(1—&)Y+@Y:Y. 9)

This means that firms all have zero profits

M=Y —rK —wL = 0. (10)

This is consistent with our assumption that firms are perfectly competitive with each other, and
firms enter and exit freely. If there were profits, more firms would enter and compete them away.
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Factor Shares

Calculate the fraction of total output that is paid to each factor.

wlL Y L
and e v
r
7 = OZE? = (12)

Factor shares of output are thus constant when we use the Cobb-Douglas, regardless of the amount
of K or L. Consistent with the stylized facts on factor shares. Those facts suggest that a = 1/3 and
(1 —a) = 2/3, roughly.

The Solow Model Economic Growth



Output per Worker

We typically care about output per worker, not just total output. Divide total output by L to get

_Y_KaLl—a_Ka_
L L  Le

Y k? (13)

where we are using y = Y/L and k = K/L to represent per-worker values.

Captial per worker has a diminishing marginal output. If k rises, output per worker rises, but the

size of the increase falls as k£ increases.

Y

y =k
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Capital Accumulation

Output depends on capital and labor, so we need to know how those two things accumulate over
time. Start with capital.

K = sY — 6K (14)

K is the change in the capital stock. It is the continuous time version of K;,1 — K;.

sY is gross investment. We know that total income (wL 4 rK) is equal to total output (V). We
assume that individuals - who work and own the capital - save a constant fraction, 0 < s < 1, of

their income.

0K is depreciation. A fixed fraction, 0 < 0 < 1, of the existing capital stock, K, breaks down at any

given moment.

It will be useful to write this as the growth rate of capital, or divide through by K,

K Y
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Capital per Worker Accumulation

What happens to capital per worker? To analyze this, we will use some mathematical tools reviewed

previously - take logs and derivatives.

K
E = — 16
= (16)
Ink = mnK—-InL (17)
0 0 0
k K L
PRI (19)
From the prior slide, we know that
K Y
SO _ .
k Y L
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Population Growth

The last piece of information we need is the growth rate of the number of workers, L /L. We assume

that the number of workers grows at the same rate as the population. Let
L(t) = L(0)e™ (22)

or the number of workers exhibits exponential growth.
The growth rate of the number of workers is thus

T=m (23)

which you can find by taking logs and derivatives of the equation for L().
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The Solow Equation

Plugging in the growth rate of workers we now have

LY

which says the growth rate of capital per worker depends on the capital/output ratio (K/Y) and

the parameters s, 9, and n.

We can re-write this into what is commonly called the Solow Equation,

5 Y/L
LA A S 2
. SK/L n (25)
= 5% —d—n. (26)
and then multiply both sides by k& to get
k=sy—(0+n)k. (27)

Finally, recall that we can write output per worker in terms of capital per worker, y = k%, so that

we have

k= sk®— (6 +n)k (28)
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Solving the Model

First, what do we mean by “solve”? We mean that we want to be able to express the endogenous

variables in terms of only exogenous ones.

Endogenous variables - things we are trying to explain
e Output Y and/or output per worker y

e Capital K and/or capital per worker k

Exogenous variables - things we take as given
e (v, capital’s share in output
e s, the savings rate
e n, the population growth rate
e ), the depreciation rate

e ko, the initial level of capital per worker
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Solve the Solow Model

Getting a precise equation for k or y is not terribly easy. However, we can see the solution in some

simple diagrams.
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Implications

The diagram shows us that
o If k < k*, then sk® > (6 + n)k, and k > 0

o If k > k*, then sk® < (6 + n)k, and k < 0

The Solow model predicts that capital per worker will stabilize at some value k* where investment
sk® just offsets depreciation and population growth (d + n)k. We refer to k* as the steady state of
the Solow Model.

We have solved the Solow model in a general sense. If you tell me kj, the initial starting point for
capital per worker, and the parameters «, s, n, and d, I can tell you whether capital per worker will

grow or shrink.
e «. s, n, and § describe the two lines

e L tells me where along the x-axis I start
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The Steady State

No matter what, k eventually ends up at k*. We can give a precise answer to what determines k.
It is the value of k such that k = 0. Or

0= sk — (6 +n)k. (29)

This solves to
(0 +n)k = sk® (30)
B = j - (31)

o\ V0-a)
b= <5+n> (32)

which is the capital per worker at steady state, or

k*:( s >1/(1—0<) (33)

o0+n
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Implications

The steady state is

k*:( s >1/(1—0<) (34)

o+n
which depends only on the parameters of the model. Note that it does not depend on k.

This implies that
e k* (and so y*) is rising with the savings rate, s

e k* (and so y*) is declining with the population growth rate, n
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Savings and Output per Worker
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Savings and Output per Worker
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Statics

What if the savings rate, s, changes? Could be a policy change, or some difference in individuals

willingness to save for the future. Let s go to s’ > s.

(0 +n)k

s’k

sk®

k* k**
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Savings Increase

What is the effect of s rising to s'?
e The steady state rises to £**. The economy will be richer eventually
e Immediately after the change, k < k**, so k>0, capital starts growing

e Output per worker grows until the economy reaches the new steady state

Y

k%

- I'ime
s changes to s’
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Growth Rates

The Solow model predicts that growth is faster, the farther away from steady state is an economy.

Look at the growth rate of k _
k S

As k rises, the growth rate of k£ falls.

k/k

o+n

S/kl—a

e
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Trend Growth

Growth rates go to zero in the Solow model. y does not grow in steady state. To see this, take logs

and derivatives of y = k“ to find

Iny = alnk (36)
J_ ok
y =ar. (37)

Because k = 0 in steady state, it must be that ¢/y = 0 in steady state.

To allow for trend growth in the Solow model, we’ll incorporate productivity improvements. Let

production be
Y = K“(AL) (38)

where A is labor-augmenting technological progress. In per worker terms this is

y = k*AT (39)

Growth in A will allow there to be trend growth in output per worker even in steady state.
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Exogenous Technological Change

We assume that

which implies that
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Trend Growth

We can also rconsider growth in output per worker. Take logs and derivatives of y = k* A= to get

ki A

Y
S=a-+4+(1-a)—. 42
=apt(1-a)] (42)
We're looking for the situation when ¢/y is constant. This requires k /k to be constant. From
ki
E:s%—(cwn) (43)

capital per worker growth will be constant only if y/k is constant. y/k will be constant only if

i/y = k/k.

Putting this all together

Y

= a=+ (1 —a)g (44)
(Y

=9 (45)

Qe Q|

or y must grow at rate ¢ if it is going to grow at a constant rate.

The Solow Model Economic Growth



Balanced Growth Path

The steady state of the Solow model will be exactly a situation where growth in y is constant at g.
Further, y and k and A will all grow at the same rate. The Solow model produces a balanced growth

path where everything’s growth rate remains constant.

What is the steady state when there is technology? We saw above that /y = g is the constant
growth rate. This also implies k /k = g. So in steady state

g:s%—((ﬂ—n). (46)
Plug in for y to get
l-a
9= 8790 ~ (0 +mn). (47)
Solve for (e
E_( sy -
A d+n-+g
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Steady State with Technology

We said that

ko . 1/(1-a)
A \0+n+g

in steady state. The ratio k/A is constant because k and A grow at the rate g.

Output per worker in this steady state is

y = kaAl—a
k «
= Al —
(%)
B A( s )a/(l—a)
B d+n+g

y(t) = A(t) (ﬁ)a/(l_@

where the y(t) and A(t) are there to be explicit that both are growing over time.
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Level Effects versus Growth Effects

) 1/(1-a)
(0= 40 (55 ) (54

The growth rate of y is equal to g along the balanced growth path - which is the steady state of the

Solow model. But the level of y depends on the term in the parentheses.

The parameters for savings, s, and population growth, n, have effects on the level of output per

worker, but don’t alter the growth rate of output per worker.

Changes in those parameters will induce a temporary surge (or decline) in growth relative to g as
the economy shifts to the new trend line.
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Example

Consider an increase in savings from s to s’. You can use the old Solow model without technology
to consider what happens in the transition — output per worker grows rapidly for a while until we

reach the new steady state. Then just add trend growth.

Y

- Time
s changes to s’
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